In this paper, a numerical algorithm for computation of electric and magnetic fields inside a multilayer cylindrical structure with an arbitrary number of homogeneous layers is presented. Each layer can have arbitrary value of electrical conductivity, permeability, and permittivity. Theoretical background of the model is based on Maxwell equations where modified Bessel functions have been chosen for solution formulas. Modified Bessel functions are also scaled to avoid underflow/overflow issues. This results in a numerically robust and highly accurate numerical algorithm for computation of electric and magnetic fields inside a multilayer conductor. Using the derived expression for electric field on the surface of the conductor, the formula for per-unit-length internal impedance of the general multilayer cylindrical conductor is also obtained.
INTRODUCTION
In analysis of various electromagnetic phenomena, it is necessary in some cases to accurately obtain the distribution of the electric and magnetic fields present in a current carrying conductor. For example, this is important in transient electromagnetic analysis where higher frequency currents flow along the conductor and skin effect becomes more prominent [1] . Using the fields on the surface of the conductor, one can then compute the internal impedance or surface impedance as it is sometimes referred to. In the available literature, most authors analyze homogeneous single-layer conductors [2] [3] [4] [5] [6] , in some cases two-layer conductors [7, 8] , and some consider multilayer conductors [9] [10] [11] . In the case of cylindrical multilayer structures, the authors in [9] [10] [11] utilize a cascade of two-port networks to model a multilayer structure. The problem that occurs with this approach lies in the inherent numerical instability present in the transfer matrix of the system, where some elements of the matrix tend to infinity for high frequencies even for extra thin layers. To circumvent this, the authors are forced to subdivide the layers into a large number of fictive sublayers.
In this paper, a different approach to model multilayer structures will be presented, which is both numerically robust and highly accurate. In addition, the proposed algorithm features a smaller number of unknowns than those in [9] [10] [11] . In the numerical algorithm proposed in this paper, a multilayer cylindrical structure consisting of an arbitrary number of layers is considered. Each layer of the multilayer conductor is considered to be linear, isotropic and homogeneous and characterized by arbitrary values of electrical conductivity, permeability and permittivity. The first layer of the multilayer conductor can be either a tubular layer or a solid layer which slightly changes the subsequent linear system of equations.
Theoretical background of the presented numerical algorithm is derived directly from Maxwell equations. Displacement currents have been taken into account in all layers although their effect is negligible in layers with good conductance. Although the solutions of Maxwell equations can be written using various special functions such as Bessel functions of the first and second kind, modified Bessel functions of the first and second kind or a combination of Bessel and modified Bessel functions [12] [13] [14] , in this paper solutions based on modified Bessel functions have been chosen. This is because solutions based on modified Bessel function are numerically the most stable solutions of the field formulas especially for larger function arguments, which generally occur at higher frequencies. This was also discussed in papers [6, 7] . Furthermore, the chosen modified Bessel functions have been scaled up or down thus adding to the numerical stability of the numerical algorithm especially for larger function arguments.
In the presented numerical algorithm, a linear system of equations is formed from the boundary conditions between layers and on the edges of the multilayer conductor. The number of equations is always the double of the number of layers in the multilayer conductors which is significantly less than in the case of models based on a cascade of two-port networks. Furthermore, in the presented model, when the unknowns are computed, one can then compute electric and magnetic fields in any observation point directly, which is not the case in for example [11] .
The accuracy of the presented numerical algorithm has been validated by comparing the computation of per-unit-length internal impedance to the authors' closed-form expressions of a twolayer conductor [7] . Furthermore, comparison of per-unit-length internal impedance has also been made with the model based on a cascade of two-port networks presented in [11] where good agreement was found. Also, in this paper, the formula for computing the per-unit-length internal impedance is given, which is derived from the electric field on the surface of the multilayer conductor.
OVERVIEW OF THE MODEL OF THE MULTILAYER CYLINDRICAL CONDUCTOR
The multilayer cylindrical conductor considered in this paper can consist of an arbitrary number of layers. Let the total number of layers be m.
An arbitrary ith layer is characterized by its external radius r i whereas the internal radius of the ith layer is determined by the external radius of the adjacent layer i − 1. Furthermore, as for the electrical properties of the layer, the arbitrary ith layer is described by its electrical conductivity σ i , magnetic permeability μ i and permittivity ε i .
In the presented numerical algorithm, the innermost layer of the multilayer conductor (the first layer) can be either a solid cylindrical conductor or a tubular cylindrical conductor. If the first layer is solid conductor, then r 0 = 0, whereas if it is a tubular conductor, then r 0 = 0. In Figure 1 , these two cases are depicted. 
COMPUTATION OF ELECTRIC AND MAGNETIC FIELD IN THE MULTILAYER CONDUCTOR
Formulas for computation of electric and magnetic fields inside an arbitrary ith layer are derived directly from Maxwell equations. Each layer of the multilayer conductor is considered to be linear, isotropic and homogeneous. Although the solutions of Maxwell equations for magnetic and electric fields of the ith layer can be written using various special functions, the most numerically stable solutions have proven to be those based on modified Bessel functions [6, 7] . This is especially true for large function arguments as shown in [6, 7] . Expressions for magnetic and electric fields inside an arbitrary ith layer of the multilayer conductor used om this paper are:
whereĪ 0 is the complex-valued modified Bessel function of the first kind of order zero;K 0 is the complexvalued modified Bessel function of the second kind of order zero;Ī 1 is the complex-valued modified Bessel function of the first kind of order one;K 1 is the complex-valued modified Bessel function of the second kind of order one [14] ;C i andD i are the unknown complex-valued coefficients for the ith layer;
is the complex conductivity of the ith layer; σ i is the conductivity of the ith layer; ε i is the permittivity of the ith layer; ω is the circular frequency of the multilayer conductor current; j is the imaginary unit; andĪ tot represents the phasor of the total harmonic conductor current. The complex wave propagation constant of the ith layer is defined by the following general equation:
where μ i is the magnetic permeability of the ith layer of the multilayer conductor.
In order to achieve a more stable computation, modified Bessel functions as well as the unknown complex coefficients are scaled up or down to achieve a similar order of magnitude according to the following expressions [6, 7] :
Introducing the scaled values of modified Bessel functions and unknown coefficients into Eqs. (1) and (2), the following equations for electric and magnetic fields inside the ith layer are obtained:
The unknown scaled complex-valued coefficientsC s i andD s i (i = 1, 2, . . . , m) are needed to accurately compute the distribution of the electric and magnetic fields inside the multilayer conductor. These 2 · m unknown coefficients are computed from the boundary conditions between layers as well as on the edges of the conductor. Two cases are possible since the first layer can be either a solid layer or a tubular layer.
Computation of Unknown Complex-Valued Coefficients
Since there are a total of 2 · m unknown scaled complex-valued coefficientsC s i andD s i (i = 1, 2, . . . , m) one needs to form a set of 2 · m linear equations. These equations are formed from the boundary conditions between layers and the boundary conditions on the edges of the conductor.
The first 2 · (m − 1) equations are formed from the boundary conditions between layers requiring that the tangential components of electric field intensity and magnetic field intensity are continuous on the border between two adjacent layers:
Equations (10)- (11) are valid for both the cases of a solid and tubular multilayer cylindrical conductor.
One additional equation, also valid for both the case of a solid and tubular cylindrical conductor, is derived from the boundary condition on the outer edge of the multilayer cylindrical conductor:
The last equation in the system of equations is different for the cases of solid and tubular cylindrical conductors since it is derived from the innermost edge of the conductor (if it exists).
If a solid cylindrical conductor is considered, then the internal radius of the first layer equals zero (r 0 = 0). In this case, the field distribution in the first layer must yield physically valid results even if the observation point is situated in the center of the conductor (r = 0). However, modified Bessel functions of the second kind tend to infinity if their argument is zero which is not physically valid. To prevent this from happening, in the case of a solid cylindrical conductor,D s 1 must be chosen to equal zero, so the last equation in the system of equations for the case of the solid cylindrical conductor is:
However, if a tubular cylindrical conductor is considered, then the internal radius of the first layer does not equal zero (r 0 = 0). In this case, there are no singularity issues as in the previous case, so the boundary condition on the innermost edge of the conductor can be included as the last equation in the system of equations for the tubular cylindrical conductor:
Therefore, introducing equations for electric and magnetic fields of Eqs. (8)-(9) into Eqs. (10)-(14), the following system of equations is obtained:
First 2 · (m − 1) equations:
Equation 2 · m:
-for a solid conductor:
-for a tubular conductor:
In Equations (15)-(19), the auxiliary scaling constantν i equals:
By numerically solving the completely formed system of equations, all the unknown scaled complexvalued coefficientsC s i andD s i (i = 1, 2, . . . , m) are obtained. In the presented numerical algorithm, the linear system of equations is solved using LAPACK LU decomposition routine with a high degree of accuracy. This was confirmed on a number of conductor configurations by substituting the computed coefficients into the Equations (15)-(19) and testing whether the right sides of the equations are all zero except in the case of Equation (17). The computed results were accurate to the 17th decimal place in the worst cases. Now when 2 · m coefficients are known, the distribution of electric field intensity and magnetic field intensity in any layer of the multilayer conductor can be computed using Equations (8)-(9) by introducing the now known complex-valued coefficientsC i andD i for that layer.
COMPUTATION OF PER-UNIT-LENGTH INTERNAL IMPEDANCE
Per-unit-length internal impedance of the cylindrical multilayer conductor can be computed using the electric field on the surface of the multilayer cylindrical conductor using the following expression:
Introducing Eq. (8) into Eq. (21), the following equation for per-unit-length internal impedance of the multilayer conductor is obtained:
DISCUSSION
By observing Equations (15)-(20), it can be easily deduced that the coefficients of the system of linear equations cannot tend to infinity as the frequency increases. This is a direct consequence of choosing the right general solution for electric and magnetic fields of Eqs. (8)- (9) , which ensures numerical stability in all cases. The key quantity that ensures numerical stability in the coefficients of the linear system of equations is the quantityν i , described by (20) which for high frequencies tends to zero. However, in the case of algorithms based on a cascade of two-port networks, this is not the case because some coefficients of the transfer matrix, even for thin millimetre layers, tend to infinity for high frequencies, which is visible from Equations (27)-(30) given in [11] . It is evident that these equations contain both the quantityν i but also the quantity 1/ν i , which for high frequencies tends to infinity. Scaling the modified Bessel function [11] cannot help with the numerical stability in this case. To circumvent these problems, these kinds of algorithms must subdivide layers into a multitude of fictive sublayers to ensure that the quantity 1/ν i does not become too large or tend to infinity. The same problem exists in approach [10] , but in this case this is not immediately visible because unscaled Bessel and modified Bessel functions are used which produces additional numerical instabilities at higher frequencies.
The numerical algorithm presented in this paper has no need for fictive sublayers and it requires in all cases the computation of 2 · m unknown coefficients. Afterwards, electric and magnetic fields can be computed in all points of the multilayer conductor using Eqs. (8)- (9) . However, algorithms based on a cascade of two-port networks [9] [10] [11] have significantly more unknowns, and electric and magnetic fields are computed only on the boundaries of fictive layers
NUMERICAL EXAMPLES

Validation of the Model
The model of the multilayer conductor presented in this paper has been compared to the model for computation of per-unit length internal impedance of two-layer conductors published in [7] . In the model presented in [7] , there is no system of equations that needs to be solved since analytical formulas are provided. The two compared models yield identical results for any combination of parameters of conductive layers and for any frequency of the time-harmonic current.
Comparison with the Model Based on a Cascade of a Set of Two-Port Networks [11]
In the second example, the presented model of the multilayer conductor has been compared to a model of a multilayer conductor which is based on a set of two-port networks [11] . In the model presented in [11] the conductor is subdivided into a number of two-port networks with the unknowns being the electric and magnetic fields on each of the sublayers (this yields more unknowns). The conductor considered for comparison is a two layer conductor as in [11] : the first layer is an layer made of stainless steel (r 1 = 1 mm, σ 1 = 1.37 MS/m, μ 1 = 1.02 · μ 0 , ε 1 = ε 0 ) and the second layer is a copper layer (r 2 = 3 mm, σ 2 = 59.6 MS/m, μ 2 = 0.999994 · μ 0 , ε 2 = ε 0 ).
Only the internal impedance values on the outer edge of conductor are available for comparison, so in Table 1 the comparison is made of the conductor internal resistance per-unit-length, whereas in Table 2 the comparison is made of the conductor internal inductance per-unit-length. As can be seen from the computed results, there are slight differences for the per-unit-length inductance where the maximum percent difference between the results is 0.016% for lower frequency values. It is important to note that the algorithm presented in [11] requires the addition of 109 fictive sublayers to circumvent the previously discussed numerical stability issues present in the transfer matrix. 0.000666 0.6656864441237284 · 10 −3 10 2 0.000666 0.6659763814720126 · 10 −3 10 3 0.000694 0.6941563020524239 · 10 −3 10 4 0.001529 0.1528670732671533 · 10 −2 10 5 0.004470 0.4469882840089542 · 10 −2 10 6 0.013803 0.1380338766464217 · 10 −1 10 7 0.043326 0.4332592082623524 · 10 −1 10 8 0.136687 0.1366867194241476 · 10 0 10 9 0.43920 0.4319202312891782 · 10 0 10 10 1.365531 0.1365530811214155 · 10 1 10 11 4.317867 0.4317866941434107 · 10 1 10 12
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Solid Multilayer Conductor -Computation of Distribution of Electric and Magnetic Fields and Per-Unit-Length Internal Impedance
A solid four-layer conductor is observed in this numerical example. The first layer is an iron layer (r 1 = 5 mm, σ 1 = 10 MS/m, μ 1 = 5000 · μ 0 , ε 1 = ε 0 ), the second layer is a copper layer (r 2 = 10 mm, σ 2 = 59.6 MS/m, μ 2 = μ 0 , ε 2 = ε 0 ), the third layer is air (r 3 = 15 mm, ε 3 = ε 0 , μ 3 = μ 0 ), whereas the fourth layer is a lead layer (r 4 = 20 mm, σ 4 = 4.55 MS/m, μ 4 = μ 0 , ε 4 = ε 0 ). Using the previously outlined numerical algorithm, which was implemented into a FORTRAN program, distribution of electric and magnetic fields is computed in 1000 observation points inside the observed conductor for chosen frequency values (0.1 Hz, 1 Hz, 10 Hz, 100 Hz, and 1000 Hz). The results Table 2 . Comparison of per-unit length internal inductance computed by the presented algorithm and algorithm from [11] . 2.17288 0.2172876990443141 · 10 −8 10 7 0.68718 0.6871800967015870 · 10 −9 10 8 0.21731 0.2173071713839100 · 10 −9 10 9 0.06872 0.6871861620664091 · 10 −10 10 10 0.02173 0.2173073612848046 · 10 −10 10 11 0.00687 0.6871861905921111 · 10 −11 10 12 0.00217 0.2173072627815010 · 10 −11 are depicted in Figures 2 and 3 . As can be seen from these figures, as the frequency of the time-harmonic current increases so current density near the outer layers of the multilayer conductor. Note the magnetic field distribution on Figure 3 . For all frequencies the magnetic field steadily increases throughout the first two layers which are conductive. In the third layer which is dielectric the magnetic field decays. As for the last layer, which is a conductive layer but with the least conductivity value, the magnetic field continues to decrease for lower frequency values, whereas for larger frequencies it increases due to skin effect. Skin effect is also reflected on the per-unit length internal impedance of the observed multilayer cylindrical conductor. The magnitude and phase angle of the per-unit-length impedance is computed for chosen frequency values ranging from very low values to very high values and presented in Table 3 . Table 3 . Per-unit length internal impedance magnitude and phase angle for a solid multilayer conductor.
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Tubular Multilayer Conductor -Computation of Distribution of Electric and Magnetic Fields and Per-Unit-Length Internal Impedance
A tubular four-layer conductor is observed in this numerical example. The only difference in input data from the previous example is the internal radius of the first conductive layer r 0 = 4 mm. Again, as in the previous example, distribution of electric and magnetic fields is computed in 1000 observation points inside the observed conductor for chosen frequency values. The results are depicted in Figures 4  and 5 .
Per-unit length internal impedance of the observed conductor is also computed for chosen frequency values and presented in Table 4 . When the values of the per-unit-length internal impedance is compared between the solid conductor (Table 3 ) and tubular conductor (Table 4 ), it is evident that the values are identical after the frequency value of 1 kHz which is to be expected since for larger frequencies the current density becomes larger near the surface of the conductor and the internal layers have less impact on the computed values of the internal impedance. Table 4 . Per-unit length internal impedance magnitude and phase angle for a tubular multilayer conductor.
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CONCLUSION
In this paper a numerically robust and highly accurate algorithm for computation of electric and magnetic fields distribution inside a multilayer cylindrical conductor is presented. The multilayer conductor, which can be a solid or a tubular conductor, can consist of an arbitrary number of homogeneous layers which can have arbitrary values of electrical conductivity, permeability and permittivity. Using the computed values of electric field on the surface of the multilayer conductor, the formula for per-unit-length internal impedance is also derived. The algorithm can handle function arguments of arbitrary magnitude, which makes it suitable to use in high frequency analysis of electromagnetic phenomena.
